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ABSTRACT 

 

In this paper, we state a new way for measuring symmetry of three-dimensional graphic object. The idea is 

based on the representation of three-dimensional objects by their Extended Gaussian Image (EGI). The EGI 

is constructed by mapping each surface normal of any object to the Gaussian sphere.  The Gaussian sphere 

is presented by icosahedrons and 60 rotations are applied.  An experimental evaluation demonstrates the 

satisfactory performance of our approach on a fifty three-dimensional models database. 
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1. INTRODUCTION  

 

For a few years, we have attended a proliferation 

of the three-dimensional graphic objects. Many 

tools of digitized and constructed 3D objects, 3D 

graphic accelerated hardware, Web3D and so one 

are getting more and more popular. Therefore, 3D 

objects can be digitized and modeled easier, faster 

and less expensive. Also, through the Internet [1], 

users can download a large number of free 3D 

models from all over the world. This leads to the 

necessities of new technique to index, retrieve, 

cluster and classify 3D object for matching patterns 

in a straightforward manner.  

In many works, symmetry is widely studied from 

various aspects and used as a powerful feature 

which facilitates a three-dimensional object 

detection and recognition.  

Symmetry is defined as the study of a space that 

is invariant under a given transformation group [2]. 

It plays an important role in describing the 

geometry and the appearance of an object. 

However, exact symmetry does not exist in real 

objects and one has to deal with approximate 

symmetries. 

In this paper, we are interested in 3D object 

symmetry measurement that we will use as 

descriptor to retrieve similar object. We investigate 

the use of the extended Gaussian image to construct 

and view the 3D orientation histogram used for 3D 

object symmetry detection. 

 This paper is organized in the following way: 

Section 2 gives a brief survey of previous work. 

2. RELATED WORK 

In the literature, there has been intensive research 

on symmetry applied in mathematics, image 

processing and computer vision domains  

For example, Chafik et al [3] propose framework 

for analyzing symmetry of 2D and 3D objects using 

elastic deformations of their boundaries. The basic 

idea is to define spaces of elastic shapes and to 

compute shortest (geodesic) paths between the 

objects and their reflections using a Riemannian 

structure.  

Changming Sun and Jamie Sherrah [4] 

investigate the use of the extended Gaussian image 

for detecting symmetry in 3D objects. The EGI is 

sampled at regular surface patches to give the 

object’s orientation histogram. After the orientation 

histogram has been obtained, it is tested for 

symmetry without further consideration of the 

original image. 

In [5][6] and [7], authors trait symmetry as a 

continuous property. Using the Continuous 

Symmetry Measure method, it is possible to 

evaluate quantitatively how much of any symmetry 

exists in a nonsymmetrical configuration. 
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Ja´skowski et al [9] introduces a numerical, 

continuous measure of symmetry for 3D stick 

creatures and solid 3D objects. 

In [8] Heijmans et al investigate symmetry 

measures for convex shapes which are invariant 

under line reflections and rotations. They propose 

efficient algorithms for the computation of rotation 

and reflection invariant symmetry measures for 

convex polygons. 

Kazhdan et al [9] represent the shape of a 3D 

model with a spherical function that associates 

continuous measures of reflective invariance of a 

3D model with respect to every plane through its 

center of mass. 

3. OVERVIEW OF THE APPROACH 

The continuous symmetry measure is defined by 

Hagit et al in [13], as the minimum effort required 

to transform a given shape into a symmetric shape. 

To measure this effort, we investigate the use of the 

extended Gaussian image defined by Horn in [14]. 

The extended Gaussian image of an object records 

the variation of surface area with surface 

orientation. It takes the form of a set of vectors, one 

for each facet parallel to the outer normal of the 

facet. The EGI is not affected by translation. 

Rotation of object induces an equal rotation of the 

EGI [15].  

A three-dimensional object is fully specified by 

the volume and orientation of its facets. This 

provides a compact representation on the unit 

sphere named Gaussian Sphere of 3D object: every 

facet is given by a point on the unit sphere having 

the same unit normal as the corresponding facet. A 

weight is assigned to such a point which equals the 

volume of tetrahedron composed by the 

corresponding facet and gravity center of object. 

 

3.1 Transforming 3D object to its EGI 

 

Let the Gaussian sphere S be a regular 

icosahedrons in the three-dimensional Euclidean 

space. The icosahedrons is a regular convex 

polyhedron, composed of 20 facets, each an 

equilateral triangle, with five such triangles meeting 

at each vertex. Clearly, it follows that it has 12 

vertices and 30 edges.  

Let A be a three-dimensional object, F its surface 

composed of a set of triangular facets F=∑ Fi. 
One can associate a point on the Gaussian sphere S 

with a given facet on the surface of A, by finding 

the facet on the sphere which has the same surface 

normal. Thus it is possible to map information 

associated with facets on the surface on points on 

the Gaussian sphere. 

 The information assigned to such a point equals 

to the volume of tetrahedron composed by the 

corresponding facet and gravity center of object. 

This volume is calculated using Cayley-Menger 

determinants (equation 1). These determinants are 

used to calculate the volume of tetrahedron based 

on its edges. 

 

 

Figure 1: Example Of Tetrahedron 
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We define this correspondence between surface F 

of three-dimensional object A and Gaussian sphere 

S, named Gauss application by: 

        
),(),(

F
:N

jjii VTSvFf

S

a

→
 

(2)  

Where (Fi, i∈{1,…n}) triangular facets of A, 

(vi, i∈{1,…n}), volume of tetrahedron 

correspondent to Fi, {Tj, j∈[1,…20]} facets of  

Gaussian sphere S, {Vj, j∈[1,…20]} sum of 

correspond volume of tetrahedron composed by the 

facet Fi having the same unit normal as the 

corresponding facet of unit sphere Tj. 
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3.2 Symmetry group 

 

Regular icosahedrons, used as Gaussian sphere, 

have a symmetry group of order 120, out of which 

60 are orientation-preserving or rotational 

symmetries (figure 2): 

 

 
 

Figure 2 : Different Rotation Axis Preserving 

Icosahedrons Orientation 

 
The symmetry group can be divided into four 

conjugacy classes: 

 

� The identity 

� Rotating the icosahedrons by angles 

of
5

8

5

6
,

5

4
,

5

2 ππππ
or    about any axis 

joining the extreme opposite vertices 
� Rotating the icosahedrons by angles 

of 
3

4

3

2 ππ
or

   

about any axis joining 

the centers of opposite faces 
� Rotating the icosahedrons by angles 

of π about any axis joining the 

midpoints of opposite edges 
 

We also note that the number of such axes of 

rotation is six for the first type, ten for the second 

and fifteen for the third. Including the identity, the 

order of this rotation group thus comes out to be: 

 

6011*152*104*6 =+++        (3)

 

 

Now we apply different rotation to Gaussian 

sphere S. The new Gaussian sphere is the 

permutation representation corresponding to the 

each rotation. It has same number of facets and 

different orientations, (equation 4): 

),(),( ji

R

ii vTgRvTS =⊗
         

(4) 

Where R is the type of rotation we to apply to 

Gaussian sphere. 

We define the different rotations of Gaussian 

sphere are: 

• The identity of Gaussian sphere  

         

Sg ⊗= 11
                                      

(5) 

• Rotation around an axis through the 
extreme opposite vertices. 
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We have six axes possible, so we get twenty four 

Gaussian spheres (g
2
, g

3
… g

25
). 

 

• Rotation around an axis through the 
centers of opposite faces 
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We have ten axes possible, so we get twenty 

Gaussian spheres (g
26

, g
27

… g
45

). 

Using equations (6) and (7) we can measure 

rotational symmetry of three-dimensional object. 
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• Rotation around an axis through the 
midpoints of opposite edges 

            

Sg ⊗= π46
                                  (8) 

We have fifteen axes possible, so we get fifteen 

Gaussian spheres (g
46

, g
47

… g
60

). 

 

Using the latest equation (8) we measure the 

reflective symmetry about fifteen axes. 

To make a model of Gaussian sphere invariant 

under all the symmetries of icosahedrons, we mix 

the sixty Gaussian spheres by adding values of 

volume correspond to each facet. 

∑
=

=
60

1
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3.3 Continuous symmetry measurement 
 

As defined in [13], the continuous symmetry 

measure is the minimum effort required to 

transform a given shape into a symmetric shape. So, 

we must calculate the effort to transform the initial 

Gaussian image S(Ti,vi) to the finale symmetric 

one G(Ti,Vi).  

 

For this end, we use a metric Match Distance 

[18,19]. This distance is a special case for one- 

dimensional histograms with equal areas of the 

EMD (the Earth Mover’s Distance, (equation 10) 

which reflects the minimal amount of work that 

must be performed to transform one distribution 

into the other by moving “distribution mass” around 

[16,17]. 
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The match distance between two one-

dimensional histograms is defined as the L1 

distance between their corresponding cumulative 

histograms (equation 11): 

( ) iiM khKHd
^^

, −∑=
       (11) 

 

Where ĥi = ∑j ≤ i hj  is the cumulative 

histogram of {hi}, and similarly for {ki}. 

 

4. EXPERIMENTAL RESULTS 

To evaluate our algorithm, described in the 

previous sections, we use C and Opengl. 

We tested on a 3D model database containing 54 

models arranged by the judgment of two adults into 

eight classes. 

The classes are the following: Airplane class -

Class A- (8 airplanes objects), Divers class -Class 

M-(5 misc objects), Echec class -Class P- (7 chess 

pieces objects), Human class -Class H- (8 humans 

objects), Poisson class -Class F- (6 fishes objects), 

Quadru class -Class Q- (7 quadrupeds objects), 

Voiture class -Class C- (8 cars objects) and Vase 

class -Class V- (6 Vase objects). The first seven 

classes have been collected from the 3DCafe [20] 

and the last class is composed of three-dimensional 

models of Moroccan traditional vases. 

The models are simple meshes of 

approximatively 500 to 25000 faces, without any 

hierarchical structure. Moreover, it is important to 

notice that the mesh level of detail is very different 

from an object to another. 
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Table 1 : Test Result 
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5. DISCUSSION 

The table 1 show the test result of our method, 

we remark that Echec class have high values of 

symmetry, because object of this class are less 

complex and had many rotational axis. Class of 

airplanes, humans and quadrupeds are very 

complex and are composed of several parts, this 

way they have low values. 

Consequently, we notice that our method gives 

very satisfactory results. 

6. CONCLUSIONS AND FUTURE WORK 

In this paper, we have presented a new method to 

measure three-dimensional objects symmetry. This 

method is based on the representation of three-

dimensional objects by their Extended Gaussian 

Image. Next we applied 60 rotations which are 

orientation-preserving, to the Gaussian sphere 

presented by icosahedrons.  

The evaluation experiments showed that the 

method gives very satisfactory results. 

Our method can be used as a descriptor to 

retrieve similar object, and too to generate 

symmetric object from one part.  

Currently, we plan to tessellate Gaussian sphere 

to get more detail and more than 60 rotations. Too, 

we plan to split three-dimensional object to small 

object for measuring local symmetry.   
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