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ABSTRACT

Quasi-static characteristics of the asymmetric coplanar waveguide (CPW) with finite-extent ground and finite
ground backing are studied using the conformal mapping method (CMM); closed form expressions for the
effective relative permittivity and the characteristic impedance are derived. Various structures can be
analyzed from the original structure. The effect of various parameters are studied using the expressions
obtained. In addition, the structure is analyzed using finite difference method (FDM). The results obtained
using CMM are compared to previous work, FDM and commercial software and have good agreement.

Keywords: Coplanar Waveguide, Asymmetric Coplanar Waveguide, Conformal Mapping Method, Finite
Difference Method , Finite-Extent Ground, Finite Ground Backing.

1. INTRODUCTION

The coplanar waveguide (CPW) was first
introduced by C. P. Wen in 1969 [1] Coplanar
waveguides are finding extensive applications in
microwave integrated circuits [2], [3], [4]. Inclusion
of coplanar waveguides in microwave circuits adds
to the flexibility of circuit design and improves the
performance of some circuit functions.

Many structures have been analyzed using
conformal mapping method; the symmetric and
asymmetric coplanar waveguide (CPW) [5], [6], [7],
asymmetric CPW (ACPW) with conductor backing
[8], [9], [10], conductor-backing ACPW with one
lateral ground plane [11], asymmetrical cylindrical
coplanar waveguide (ACCPW) was analyzed using
conformal mapping method in [12], [13], [14], [15].
Effect of finite ground-plane widths on quasi-static
parameters of asymmetrical coplanar waveguides
was investigated in [16]. The characteristics of
coplanar waveguide with finite ground-planes by the
Method of Lines was analyzed in [17]. Recently,
design an ultra-wideband coplanar strip (CPS)-to-
parallel stripline (PSL) transition is presented, this
design is based on an analytical transition model
obtained by conformal mapping [18]. In [19], the
authors analyzed the Coplanar Waveguide applied in
photonics based on analytical formulas, which were
delivered and modified from conformal mapping

technique. Analytic expressions of the coupling of a
coplanar waveguide resonator to a coplanar
waveguide feedline using a conformal mapping
technique were obtained in [20]. An expression for
the characteristic mode impedances and coupling
coefficients of an asymmetric multi-conductor
transmission line was derived.

In this paper, the quasi-static characteristics
of the asymmetric CPW with finite-extent ground
and finite ground backing will be studied using the
conformal mapping method (CMM), closed form
expressions for the effective relative permittivity and
the characteristic impedance are derived. Various
structures can be analyzed from the original structure
such as coplanar waveguide (CPW), asymmetric
coplanar waveguide (ACPW), conductor backed
CPW, conductor backed ACPW, microstrip line, and
other geometries. All the above geometries ae
special cases of the proposed geometry and the
parameters for these geometries can be evaluated
using the expressions derived for this geometry.

The original structure will also be analyzed
also using the finite difference method (FDM) [21],
[22]. The formulation of the problem is based on the
solution of Laplace’s equation subject to appropriate
boundary conditions, and the use of Taylor’s series
expansion to approximate the first and second order
derivatives in Laplace’s equation.

2115



Journal of Theoretical and Applied Information Technology —
15 May 2021. Vol.9. No 9 N

© 2021 Little Lion Scientific ‘

Jnlll

ISSN: 1992-8645

www jatit.org

E-ISSN: 1817-3195

Numerical results from the two methods
will be compared and discussed. The effect of
various parameters on the characteristics of
asymmetric CPW with finite-extent ground and
finite ground-backing and elevated coplanar
waveguide will be studied using the expressions
obtained.

2. THEORY

2.1 Conformal Mapping Method

The structure of asymmetric CPW with
finite-extent ground and finite ground backing is
shown in Figure 1. The quasi-static conformal
mapping method is used to derive closed form
expressions for the effective permittivity and the

characteristic impedance of this structure.
Center conductor

|

Dielectric
substrate

Figure 1: Geometry Of Asymmetric CPW With Finite-
Extent Ground And Finite Ground Backing.

Ground planes

Figure 2a shows the asymmetric CPW with
finite-extent ground and finite ground backing
structure to be transformed. In the analysis, it is
assumed that all the conductors have zero thickness;
the substrate has a thickness h with relative
permittivity &. The structure is divided into 4
regions. The overall capacitance will be the sum of
the capacitances of the four regions.
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Figure 2: (A) Original Structure (B) Original Structure
(Region 1) (C) Intermediate U Plane (D) Final Mapping
Into A Plane-Parallel Capacitor.

First, region I of the original structure
(Figure 2b) is transformed into the U-plane (Figure
2¢) using the transformation

U=—2_ (1)
a-z°
where
a
U =——= (22)
a—a
u,=——2 (2b)

\jaez_azz

Then it is transformed into the interior of a
rectangle (Figure 2d) in the w-plane using the
Schwartz-Christoffel transformation [6]
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u
du (U — U4)
W= (3) V= (10)
L{\/U(U “U)U-U,) V(U —u)(u—uy)
where
As aresult, the capacitance per unit length of region 1-u,)
Iis vV, = (11a)
Kik) V(U =D -u)
Ci=g—— “ (u,—u,)
Kk, ) : \/(us —u,)(u, —uy)
(11b)
¢ u,—u
k 1-k,° (5) v, = U, —u,) (11c)

and K is the complete elliptic integral of the first
kind.

Using the same transformations, the
capacitance of region II can be found as
K(k,)
C, =g —2 ©)
Kk, )

where

20,2 .2 ,
k, = Laﬁ;,kz = 1-k,’ (7)

o2 2
as(a; —q

Second, to find the capacitance in the
substrate region, region III is mapped to the upper
half of the u plane (Figure 3b) using the
transformation

u = cosh’ Z—; 8)
where

u, = cosh’ 7;—:1 (9a)

u, = cosh’ ﬂz—? (9b)

U, = cosh’ 7[2—? (9c)

u, = sinh’ ”2 ‘24 9d)

U, = sinh’ 7[2—25 (9¢)

Then it is transformed to the upper half of
the v plane (Figure 3c) using the transformation

\/(us - uz)(uz - us)

Then it is transformed into the interior of a
rectangle (Figure 3d) in the w-plane using the
Schwartz-Christoffel transformation

W= J'V at (12)
i AV =)DV =) (V- V)

As a result, the capacitance per unit length
of region III is

Ci =&, K(k?_) (13)
K(k; )
where
k, = ViV, —vi) ’k;: 1-k* (14
Vz(V3_V1)

and K is the complete elliptic integral of the first

kind.
Im(z)
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Figure 3: (a) Original structure (region 111) (b) conformal
mapping to u plane (c) intermediate transformed v plane
(d) final mapping into a plane-parallel capacitor.

Using the same transformations, the
capacitance of region IV can be found as
K (k
cwz%a—i%l (15)
Kk, )
where
V. (V. -V '
k4: M’ k4 — 1_k42 (16)
Vs (V6 - V4)
and
v, = (d-uy) (17a)
NEEITHICETS)
V. = (ul — ug)
=
\/(Ul - U7)(U1 - uo)
(17b)
vy = e~ ) (17¢)
\/(us - u7)(u6 - u9)
a
u, = cosh? 22 17d
6 on (17d)
a
u, = cosh? =2 17
’ 2h 47
a
U, = sinh? 2% 17
: 2h (a7

78y

U, = sinh’
2h

(17g)

Therefore, the overall capacitance per unit
length of the original structure is

C=C,+C,+C,, +C, =

K(k)  K(k)
LK () K (k) | K (k) K (k)
(18)

and the overall capacitance per unit length of the
original structure in the absence of the substrate is
(free space capacitance)

o | Klk) K(k) | TRk K(K)
K(k) K(k)
(19)
The effective relative permittivity can be
defined as

+&,€,

C
Eqt =C—=
), K(k)], K, K(K)
@) K(lo) | 7| K(k) K(ki)
() K(k)] K(k) K(k)
<) (k) ) ) TR (k)

(20
The characteristic impedance can be

obtained from

ZO 8eff _ 1
Cv eff CO v
1207 1
e | K(k)) n K(k,) n K(k,) " K(k,)
K(k) K(k)| | K(k) K(k)
21
where vy is the speed of light in free space.
2.2 Finite Difference Method
The quasi-static characteristics of the

asymmetric CPW with finite-extent ground and
finite ground backing are investigated using the
finite-difference method (FDM) [12], [21]. This
method is based on the solution of Laplace’s
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equation subject to appropriate boundary conditions
and the use of Taylor's expansion to approximate the
first and second order derivatives in Laplace’s
equation. To truncate the finite difference mesh three
artificial boundaries are considered: perfect electric
conductor (PEC), first order approximate boundary
condition (ABC1), and second order approximate
boundary condition (ABC2) [21], [22].

To find the characteristic impedance and
effective relative permittivity of the original
structure, it is required to calculate the capacitance
per unit length. Referring to Figure 4, we can write

C=2Q (22)

AY Pt T———-

¥

L.,

—
i
i
A
|
T
1

Fi
Figure 4: The path L used in calculating charge enclosed.

where Q is half the total charge on the center
conductor. Thus, the problem is reduced to finding
the charge Q per unit length. Note that the potential
on the center strip is one volt. Applying Gauss’s law
to a closed path L enclosing this strip (Figure 4), we

have
R o\%
Q:mD.dl =gjg—d| 23)
1 = on
The charge Q can be written as [21]
Al
=g > & V. —
Q OZ i Vi AN
for nodes i on external loop with corners not counted
Al
- & g V. —
OZ ri Vi An
for nodes 1 on inner loop with corners counted twice
(24)

where Vi and g, are the potential and dielectric
constant at the ith node. If i is on a dielectric
interface, &, is taken to be the average between the
two relative dielectric constants. Also, if i is on the
line of symmetry, we use Vi/2 instead of V; to avoid
including V; twice in (24).

Finally, the effective relative permittivity
and characteristic impedance can be obtained using

(25) and (26) where the free space capacitance Cy is
obtained by removing the dielectric substrate.

&q =C/C, (25)

The characteristic
obtained from

impedance can be

‘9eff 1
Z, = - (26)
C v et CoVp

3. RESULTS AND DISCUSSION

Some results for the quasi-static
characteristics of the asymmetric CPW with finite-
extent ground and finite ground backing (shown in
Figure 1) using conformal mapping method
compared to the results obtained in literature, finite
difference method and commercial software will be
given.

Case 1 [4]: Asymmetric coplanar waveguide:

The  characteristic  impedance  for
asymmetric coplanar waveguide (ACPW) as a
function of a/(agtaz) for aas =1.0 is shown in
Figure 5. The characteristic impedance decreases as
ai/(agtaz) increases. The results obtained in [4] are
shown as small circles. From the figure, it can be
seen that the results are the same.

I

—
-@g @ | e a2 el

500

0.4 0.
2a1/(a2+aE)

Figure 5: Zo /&, +1 for ACPW as a function of
2ai1/(az+ase).
Case 2 [6]: Conductor-backed
coplanar waveguide:

The effective relative permittivity and
characteristic impedance for conductor-backed
symmetric coplanar waveguide as a function of a,/a;,

symmetric
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for different values of h/a, for substrate permittivity
& = 10 are shown in Figures 6a and 6b. The effective
relative permittivity increases as h/a; decreases and
the characteristic impedance decreases. The same
results were obtained in [6] (shown as dots).

|
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| | |
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(b)
Figure 6: (a) Characteristic impedance (b) effective
relative permittivity as a function of ai/a. for different
values of h/az, & =10 for CB-CPW.

Case 3 [8]: conductor-backed asymmetric
coplanar waveguide:

The effective relative permittivity and
characteristic impedance for conductor-backed
asymmetric coplanar waveguide as a function of
aj/ay, for different values of h/a; and ae¢/a, for
substrate permittivity &= 10 are shown in Figures 7a
and 7b. The effective relative permittivity increases
as h/a, decreases and the characteristic impedance
decreases. The results obtained in [8] are not correct,
so we did not compare with them. Also, the
characteristic impedance decreases as aj/a

increases. The same results were obtained in [8] for

the characteristic impedance.
o T Im(z)

L T

-ex- /2,725 |
= |
—aja,=15
L|==1a4a,=1.0_

Z,(@)

(b
(a) Effective
characteristic impedance as a function of ai/a: for
different values of h/az or az/as, & =10 for CB-ACPW.

Figure 7: relative permittivity (b)

Case 4 [7]: Conductor-backed asymmetric
coplanar waveguide:

The effective relative permittivity and
characteristic impedance for conductor-backed
asymmetric coplanar waveguide as a function of
aj/ay, for different values of h/a, for substrate
permittivity & = 13 are shown in Figures 8a and
8b.The results are compared to those obtained in [7]
and they are identical.
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Z,(@)

(b)
Figure 8: (a) Effective relative permittivity and (b)
characteristic impedance as a function of a1 / a2 for

different values of h/az, & =13 for CB-ACPW.

Case 5: Microstrip Line:

The effective relative permittivity and
characteristic impedance for the microstrip line with
& = 3.38 and h = 2mm are shown Figures 9a and 9b.
The results are compared to the finite difference
method (FDM) and LineCalc (advanced design
system ADS tools) [23] results. The difference
between the results is less than 3%.

T
| I
38--—-—4—-—-—-F-——-d———F——d4———+ O LinCalc|-{
| | | | | | & FDM
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Figure 9: (a) Effective relative permittivity (b)

characteristic impedance of a microstrip line.

Case 6: Finite conductor backed -coplanar
waveguide:

The characteristic impedance and relative
effective permittivity for the finite conductor backed
coplanar waveguide are shown in Figures 10a and
10b, as a function of a,/a; for different values of a,
g = 3.8, h = 2 mm. In this case, the structure is
symmetric (as = as, a7 = a3, ag = a4, a9 = as). TWo cases
are compared to the results obtained using high
frequency structure simulator (HFSS) [24], which
are a; = Ilmm and a4 = 3mm, the results are in good
agreement. It can be noticed that as a4 increases Z
increases and &.sr decreases.

- I Imiz) I
R
a; ag  -a | a1 as EE * @
& W hinf
g =t g ds

I
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Figure 10: (a) Characteristic impedance and (b) effective
relative permittivity as function of ai/az for different values
of a4, & =3.8, h= 2 mm for CPW with two infinite backed
ground planes.

Case 7: Asymmetric CPW with finite-extent
ground and finite ground backing:

The characteristic impedance and relative
effective permittivity for the finite asymmetric
conductor backed coplanar waveguide are listed in
Table 1 for different cases. In this case it is assumed
that &, = 10, h =2 mm, a; = 1 mm, a3 = a7, as = ao.
The results are compared to those obtained using

high frequency structure simulator (HFSS), it is
noticed that the results are in good agreement; the
error is less than 5% for the impedance and 2% for
the relative permittivity.

4. CONCLUSIONS

The quasi-static characteristics of the
asymmetric CPW with finite-extent ground and
finite ground backing is analyzed using the
conformal mapping method (CMM). Closed form
expressions for the effective relative permittivity and
the characteristic impedance are derived. Various
structures are analyzed and compared to published
papers and commercial software.

Microstrip line is analyzed using the finite
difference method (FDM). The formulation of the
problem is based on the solution of Laplace’s
equation subject to appropriate boundary conditions,
and the use of Taylor’s series expansion to
approximate the first and second order derivatives in
Laplace’s equation. The results obtained with FDM,
CMM, and ADS Lincalac are approximately the
same (the difference is less than 3%).

The results for the finite conductor backed
coplanar waveguide, which is not available in
literature, are obtained and compared to the full
wave analysis results obtained by HFSS. The results
are in good agreement. It is noticed that as the
separation between the ground planes increases, the
characteristic impedance increases, while the
effective relative permittivity decreases.
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Table 1. The characteristic impedance and relative effective permittivity for the finite asymmetric conductor backed
coplanar waveguide.

Zy Eeff
w % o “ | omm | mrss | P cmm | omess | Fr
0
2 2 0 0 42.9 453 5.3 6.08 5.98 1.7
2 3 0 0 44.7 47.2 5.3 6.22 6.13 1.5
2 4 0 0 454 47.7 4.8 6.32 6.24 1.3
2 5 0 0 45.8 48 4.6 6.39 6.27 1.9
2 2 0 1 443 45.8 3.3 5.96 5.94 0.3
2 2 1 1 46.1 48.5 4.9 5.85 5.74 1.9
2 2 0 2 46.9 46.8 0.2 5.79 5.85 1
2 2 1 2 48.7 50.8 4.1 5.66 5.56 1.8
2 2 2 2 52.1 52.8 1.3 5.36 5.23 1.9
2 2 0 3 48.7 48 1.5 5.67 5.72 0.87
2 2 1 4 50.7 53.5 5.2 5.54 5.44 1.8
2 2 0 5 48.7 48.5 0.4 5.67 5.70 0.53
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